We show the existence and uniqueness of a thin near hexagon which has 50 points and an affine plane of order 3 as a local space. r 2003 Elsevier Science (USA). All rights reserved.
Definitions and motivation
In this paper we solve the open problem mentioned at the end of [BDB] : Does there exist a near hexagon which satisfies conditions (C1), (C2) and (C3) below?
ðC1Þ Every line is incident with exactly two points. ðC2Þ Every two points at distance 2 are contained in a good quad. ðC3Þ At least one local space is an affine plane of order 3.
We will prove that such a near hexagon exists and that it is unique. This completes the classification of all near hexagons with good quads and with at least one local space isomorphic to an affine plane, see [BDB] . Since the paper [BDB] is published in this issue of JCT-A, we will use it as a reference for some basic notions like ''near hexagon'', ''quad'', and so on. A quad Q is called good if every point of Q is incident with the same number of lines of Q; this number then is denoted by t Q þ 1: From now on we assume that S is a near hexagon which satisfies (C1)-(C3). Since S has only lines of size 2, it can be regarded as a bipartite graph of diameter 3 (see [BDB, Lemma 1]). The edges then play the role of the lines. For a set A of vertices, let A denote the set of all vertices adjacent to every element of A: If x and y are two points at distance 2 then Qðx; yÞ :¼ fx; yg > ,ðfx; yg > Þ > is the unique quad through x and y: The fact that this quad is good means that jfx; yg > j ¼ jfx; yg >> j: For every point x; we can define the following linear space LðxÞ: the points of LðxÞ are the elements of x > and the lines are all the sets fa; bg >> where a and b are two different vertices of x > : The linear space LðxÞ is called the local space at x: In [BDB] another definition was given, but in this special case both definitions are easily seen to be equivalent. By Theorem 5 of [BDB] , we know that S has precisely v ¼ 50 points, that every point is incident with exactly t þ 1 ¼ 9 lines and that every quad Q has order ð1; t Q Þ with t Q Af1; 2; 3g: Moreover, there exists a quad Q with t Q ¼ 3: The point set P of S can be partitioned into two subsets P þ and P À ; each of size 25, such that two points of the same subset are never collinear. We sometimes call a point of P e a point of type e. The set P e ; eAfþ; Àg; can be given the structure of a linear space S e by taking all sets fx; yg >> ; x; yAP e and xay; as lines. Clearly LðaÞ is a subgeometry of S e for every aAP Àe :
2. The structure of S Let n þ denote a point whose local space is an affine plane of order 3. We may suppose that n þ AP þ : For every point x and every iAf1; 2; 3g; let N i ðxÞ or shortly N i denote the number of quads of order ð1; iÞ through x; or equivalently, the number of lines of size i þ 1 in LðxÞ: Since t þ 1 ¼ 9; N 3 Af0; 1; 2; 3g: Every two lines through x are contained in a unique quad; hence 72
Lemma 2.1. For any point x one of the following holds:
The local space of a nice point is a Steiner system Sð2; 3; 9Þ and hence an affine plane of order 3.
Lemma 2.2. If n is a nice point, then dðn; RÞp1 for every quad R of order ð1; 2Þ or ð1; 3Þ:
Proof. Suppose that dðn; RÞ ¼ 2: If R has order ð1; 3Þ; then the four quads through n meeting R contain 5 points of G 2 ðRÞ; contradicting jG 2 ðRÞj ¼ jPj À jRj À jG 1 ðRÞj ¼ 50 À 8 À 40 ¼ 2: Suppose therefore that R has order ð1; 2Þ: Let S i ; iAf1; 2; 3g; denote the three quads through n meeting R; put fv i g :¼ S i -R; and let w i denote the unique point of S i at distance 2 from n and v i : Let K 1 ; K 2 and K 3 denote the three lines through v 1 not contained in S 1 ,R: Let T i ; iAf2; 3g; denote the unique quad through v 1 and w i : All the lines of T i through v 1 are contained in fK 1 ; K 2 ; K 3 g: Hence, we may suppose that T i ; iAf2; 3g; contains K 1 and K i : Every quad of order ð1; 3Þ through v 1 necessarily contains the lines K 2 and K 3 : Hence N 3 ðv 1 Þp1 and v 1 is either a nice or an elusive point. Suppose that v 1 is elusive and let T denote the unique quad of order ð1; 3Þ through v 1 : The quads T 2 and T 3 then have order ð1; 1Þ: Since each of the lines T-S 1 and T-R is contained in a quad of order ð1; 1Þ; N 1 ðv 1 ÞX4: This however contradicts our assumption that v 1 is elusive. Hence v 1 is nice and T 2 ¼ T 3 has order ð1; 2Þ: The points v 1 ; w 2 and w 3 are all contained in the quad T 2 : Similarly, v 2 and v 3 are nice and each of the sets fv 2 ; w 1 ; w 3 g and fv 3 ; w 1 ; w 2 g is contained in a quad of order ð1; 2Þ: The quad R 0 through fv 2 ; w 1 ; w 3 g has order ð1; 2Þ and satisfies dðn; R 0 Þ ¼ 2: By the same argument as above, w 1 and w 3 are nice. Clearly also w 2 is nice. Notice that A :¼ fn; v 1 ; v 2 ; v 3 ; w 1 ; w 2 ; w 3 g together with the collection of quads of order ð1; 2Þ intersecting A in at least two points has the structure of a Fano plane. Recall that there exists a quad Q of order ð1; 3Þ: Let zAA: By the first paragraph of the proof, dðz; QÞ ¼ 1: Since Q is a quad, z is collinear with a unique pointz of Q: Ifz 1 ¼z 2 for two points z 1 ; z 2 AA; then also the third point of A in the quad through z 1 and z 2 is collinear withz 1 : LetÃ ¼ fz j zAAg: Since t Q ¼ 3; jÃjp4 and hence every point of A is collinear with the same point q of Q: Since q is collinear with v 1 ; v 2 and v 3 ; q belongs to R: Now dðn; qÞ ¼ 1 contradicts dðn; RÞ ¼ 2: & Lemma 2.3. There are no elusive points. Exactly one point n À in G 1 ðn þ Þ is nice while the other 8 are good. The 8 points of G 2 ðn þ Þ collinear with n À are good, while the other 16 points are bad. Finally, all 16 points in G 3 ðn þ Þ are bad.
Proof. We first show (I) Every point zAG 1 ðn þ Þ is either nice or good. The line n þ z is contained in 4 quads of order ð1; 2Þ; proving that z is not bad. Suppose z is elusive and let Q denote the unique quad of order ð1; 3Þ through z: Since N 1 ¼ 3; there exists a line K of Q through z not contained in a quad of order ð1; 1Þ: The line K then is contained in 1 quad of order ð1; 3Þ and 5 2 quads of order ð1; 2Þ; a contradiction.
(II) All 16 points in G 3 ðn þ Þ are bad, G 1 ðn þ Þ has one nice and eight good points. Let zAG 3 ðn þ Þ: By Lemma 2.2 every quad of order ð1; 2Þ or ð1; 3Þ through z has a unique point in common with G 1 ðn þ Þ: Thus N 2 þ N 3 p9 and z is either of good or bad. Moreover, there are exactly ð9 À N 2 À N 3 Þ quads of order ð1; 1Þ through z which meet G 1 ðn þ Þ: Let a i and b i ; respectively, denote the number of points of type ðiÞ; iAfn; e; g; bg; in G 1 ðn þ Þ and G 3 ðn þ Þ: Counting the number of quads of order ð1; 1Þ connecting a point of G 1 ðn þ Þ with a point of G 3 ðn þ Þ; we find 6a
Counting the number of quads of order ð1; 3Þ connecting a point of
Applying (I) and (II) to the unique nice point n À in G 1 ðn þ Þ; we find that G 2 ðn þ Þ contains 8 good points and 16 bad points. & Lemma 2.4. The lines of size at least three in the local space of a good point determine a configuration as in (A) or (B). The lines of size at least three in the local space of a bad point determine a configuration as in (C). (In these pictures nice and good points are indicated with stars and squares, respectively.)
Proof. Any two collinear good points are contained in a unique quad of order ð1; 2Þ containing both nice points. Thus the local space of a good point g has one nice point n; two good points, and six bad points, and the nice and good points form a line.
Since quads are good, the four lines of length 3 on g in LðnÞ correspond to four lines of length 3 on n in LðgÞ: Ignoring lines of size 2 the local space of g is a partial linear space having two lines of size 4 and six lines of size 3. This yields configurations (A) and (B).
Let bAP e be a bad point. The unique quad on b and n e has order ð1; 2Þ and contains three good points. Conversely, if g; h are any two good points collinear to b; then the unique quad on g and h contains b and n e : Thus the local space of a bad point b contains three good points, all on one line, and six bad points.
Ignoring the lines of size 2 the local space of the bad point b is a partial linear space having three lines of size 4 and three lines of size 3. This yields configuration (C). Notice that the three good points are precisely the common neighbors of b and n e :
It remains to show that the nice and good points are as indicated by the stars and squares. For (C) this is obvious, as there are no nice points in LðbÞ and the good points form line of size three. Since all lines through the nice point in LðgÞ have size three, the nice point in (A) and (B) is uniquely determined. Let x be the unique point in LðgÞ such that fx; gg lies in two quads of order ð1; 3Þ: Then in LðxÞ there exist two lines of size four meeting in the good point g: So by (C), x cannot be bad. Thus x is good. & We say that a line in some local space has type L ngg if it consists of one nice point and two good points. Similarly, we define
Proof. First, note that if l is a line in some local space, then jlj ¼ jl > j since the quad l,l > is good.
(a) Suppose that n e is the nice point on the line l of type L ngg : Then n Àe is a point in l > and by looking at the affine plane Lðn e Þ we find that l > has type L ngg : (b) If the line l of type L ggg belongs to P e then clearly n Àe Al x denote the unique bad point of valency 3 2 4 1 in LðxÞ: Also define n þ ¼ n À and n À ¼ n þ : Clearly % % a ¼ a for every point a of S: For every good or bad point a of S there exists a unique nice point n at distance 2 from a: The unique point of fn; ag >> different from n and a will be denoted by Àa: Note that n; a; and Àa all have the same type. Also define Àn þ ¼ n þ and Àn À ¼ n À : Clearly ÀðÀaÞ ¼ a for every point a of S: If a and b are distinct points in the affine plane Lðn e Þ; eAfþ; Àg; then the unique third point on the line ab will be denoted by a Ã b: Also define a Ã a ¼ a: Clearly Àa ¼ n Àe Ã a for every point a of Lðn e Þ:
We record:
Lemma 2.6. Let a; b; xAP e with a; b good and x bad. Then (a) % a is the unique good point of valency 3 1 4 2 in LðaÞ: Since Lðn e Þ is an affine plane with a distinguished point n Àe ; it carries the structure of a two-dimensional vector space V Àe over F 3 : The vector addition and scalar multiplication are as follows.
(SM) 0a :¼ n Àe ; 1a :¼ a and ðÀ1Þa :¼ Àa for every point a of Lðn e Þ: (VA) a þ b :¼ Àða Ã bÞ for all points a and b of Lðn e Þ:
Lemma 2.7. We have Àa ¼ À % a for every good point a of S:
Proof. Suppose that aAP e with eAfþ; Àg and let Q ¼ Qða; n e Þ: The point % a is a common neighbor of a and n e and hence belongs to Q: Since ÀaAQ; also ÀaAQ and hence ÀaAf % a; À % ag: If Àa ¼ % a; then a and Àa are two points of valency 3 1 4 2 in Lð % aÞ; a contradiction to Lemma 2.4. Hence Àa ¼ À % a: & Lemma 2.8. Let x be a bad point and let a and c be the two good points of valency 3 2 4 1 in LðxÞ;
Proof. Suppose that xAP e : Then Qða; % xÞ and Qðc; % xÞ are quads of order ð1; 2Þ and Qða Ã c; % xÞ has order ð1; 3Þ: By Lemma 2.2 each of the quads Qða; % xÞ; Qðc; % xÞ and Qða Ã c; % xÞ contains a unique point collinear with n Àe : The three good points so obtained are precisely the three common neighbors of n Àe and % x: The point Qða; % xÞ-n > Àe is a common neighbor of a; % x; and n Àe and must therefore be equal to either % a or À % a: If % aAQða; % xÞ; then Lemma 2.4 applied to Lð % aÞ implies that Qða; % xÞ has order ð1; 3Þ; a contradiction. Hence Qða; % xÞ-n > Àe ¼ fÀ % ag: Similarly Qðc; % xÞ-n > Àe ¼ fÀ% cg: Now, Qða Ã c; % xÞ is a quad of order ð1; 3Þ through a Ã c and so by definition of % Á contains a Ã c: Since À % a; À% c and a Ã c are the three common neighbors of % x and n Àe ; we have a Ã c ¼ ðÀ
For a bad point x let a; c be as in the previous lemma. Define
For a set of points A; let % A ¼ f % a j aAAg and ÀA ¼ fÀa j aAAg: From the proof of Lemma 2.8 we obtain: Corollary 2.9. Let x be a bad point and FðxÞ ¼ fa; cg: Then (a) % a and % c are the two good points of valency 3 2 4 1 in LðxÞ:
x is the unique good point of valency 3 1 4 1 in LðxÞ: 
Proof. Let N e be the set of lines of V e containing n e : By Lemma 2.7, % Á induces a bijection from N þ to N À : Let g be any F 3 -linear isomorphism from V þ to V À : Since GLðV À Þ induces the full symmetric group on N À ; there exists an hAGLðV À Þ such that hg and % Á induce the same map from
The function f þ from the previous lemma is essentially unique. Only Àf þ has the same property. Now, let 
If a and b are good points of the same type eAfþ; Àg; then /a; bS
(a) j Á j is a non-degenerate quadratic form in V and /Á; ÁS is its associated symmetric bilinear form. Proof. (a) Let l be a line of Lðn Àe Þ with n e el and let x denote a bad point in l > :
Since % aa7% c also f ð % aÞa7f ð% cÞ and hence j % aj ¼ j% cj ¼ Àj % xj: As a consequence every line l of Lðn Àe Þ; n e el; contains vectors of norm 1 and À1: Since Lðn Àe ÞCAGð2; 3Þ and jaj ¼ j À aj for every aAV # it is easy to verify that exactly four points in V # have norm 1, while the other four have norm À1: This proves (a). (b) If a ¼ 7c then a and c are neither orthogonal nor is fa; cg of the form FðxÞ: So we may assume that n e efa; cg >> : Suppose fa; cg ¼ FðxÞ for a bad point x; then by the proof of (a), j % aj ¼ j% cj: Hence jaj ¼ jcj ¼ Àja þ cj and /a; cS ¼ jaj þ jcj À ja þ cj ¼ 0: Conversely, suppose that /a; cS ¼ 0 and let x denote a bad point of f % a; % Lemma 2.14. Let V ¼ V e for some e: Let bAV # be a good point and FðbÞ ¼ fa; cg: Then the labels of the points in Lð % bÞ are as follows:
Proof. Since a and c are orthogonal, there are a bad points x 1 and Àx 1 satisfying Fðx 1 Þ ¼ FðÀx 1 Þ ¼ fa; cg (see Lemmas 2.13(b) and 2.10(a)). Then b
Since a þ c and a À c are orthogonal, there are bad points x 2 and Àx 2 satisfying Fðx 2 Þ ¼ FðÀx 2 Þ ¼ fa þ c; a À cg and b
Similarly, since a þ c and c À a are orthogonal, there are bad points x 3 and Àx 3 in % b Proof. By Corollary 2.9(e), FðxÞ,fxg is the set of good points in LðxÞ: By parts (d) and (e) of Lemma 2.13 these points are Àa; Àc and % x ¼ # % x ¼ a þ c: By Corollary 2.9(b), % x has valency 3 1 4 1 in LðxÞ: So all the good points are as claimed. Also % x is labeled a þ c and by Lemma 2.6(f) has valency 3 2 4 1 in LðxÞ: Let f be the third point on fÀa; % xg >> : By Corollary 2.15(b)f ¼ a À c: Similarly the third point g on fÀc; % xg >> has label Àa þ c:
The two missing points on the line f % x; a þ cg >> need labels Àa and Àc: The missing points on the line fÀa; gg >> need labels Àa and Àa À c: So the intersection point needs to be labelled Àa and all the labels are as claimed. & Let x and y be bad points of opposite type. The preceding lemma combined with Lemma 2.10 tells us whether one of 7y is perpendicular to x: But if one of 7y is perpendicular we do not know yet which one it is. For this we introduce an equivalence relation on the set of bad points which helps us to distinguish y and Ày:
For two bad points x and y of the same type we define xBy if jfx; yg >> j ¼ 4 and /x;ŷS ¼ 0: Then B is a symmetric relation. Let E be the transitive extension of B: Let D e be the set of equivalence classes of E on the bad points of type e and put
Lemma 2.17. Let x be a bad point of P e : (a) Let yefx; Àxg be a bad point of P e : Then xBy if and only if jfx; Àyg >> j ¼ 3: (b) There exist exactly two bad points y; z in B-relation to x: (c) There exists a bad point uax with yBuBz: (d) ½x :¼ fx; y; z; ug is the equivalence class of E containing x: (e) The labels of ½x consists of all the four good points of same norm and type asx:
More precisely,x ¼ Àû;ŷ ¼ Àẑ andx andŷ are orthogonal. (a) fx;xg > ¼ f % x; # % xg >> and the quad Qðx;xÞ has order ð1; 3Þ: (b) Let t 1 ; t 2 and s be bad points different from x such that t 1 ; t 2 Afx;xg >> ; t 1 at 2 ; and xAfs;ŝg >> : Then ½t 1 ¼ ½t 2 ¼ À½s: (c) Define i Á ½x :¼ ½t where t is a bad point on fx;xg >> different from x: Then i Á ½x is well defined, that is does not depend on the choice of x in ½x:
x be a bad point on fx;xg > : Then ½% t ¼ À½r: Lemma 2.20. Let a and c be orthogonal good e-points and dAD e with jdj ¼ ja þ cj: Let d and x be the points with coordinates a þ c and ða þ c; dÞ; respectively. Then the coordinates of the points in LðdÞ and LðxÞ are as follows:
# e and dAf71; 7ig satisfying /a; bS ¼ 0 and
By Lemma 2.20, any near hexagon satisfying (C1)-(C3) is isomorphic to the geometry GðGÞ whose points and lines are the vertices and edges, respectively, of the graph G: So, it remains to show that GðGÞ is a near hexagon in which conditions (C2) and (C3) hold.
Claim. If ðÃÞ jfx; yg > j ¼ jfx; yg >> j holds for all vertices x and y of the same type, then GðGÞ is a near hexagon in which (C2) and (C3) hold.
Proof. Let x and y be two vertices of the same type. It might be helpful to observe that our object has an automorphism group of order 64. Indeed, let aAGLðV þ Þ and sAF # 3 with /aðaÞ; aðbÞS ¼ s/a; bS for all a; bAV þ : Let lAF 9 with l 2 ¼ s: Define a bijection of P as follows:
a-aðaÞ; for all aAV þ ;
ða; dÞ-ðaðaÞ; ldÞ; for all ða; dÞAB þ ; a-a3a À1 ; for all aAV À ;
ða; dÞ-ða3a À1 ; % ldÞ; for all ða; dÞAB À :
It is straightforward from the definitions that this map preserves the collinearity of points. This gives us 32 automorphisms. Since our description is symmetric in V þ and V À there also exists an automorphism interchanging the types of points. 
